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Abstract
In this paper, we investigate properties of functions from Znp to Zq,
where p is an odd prime and q is a positive integer divided by p. we present
the sufficient and necessary conditions for bent-ness of such generalized
Boolean functions in terms of classical p-ary bent functions, when q = pk.
When q is divided by p but not a power of it, we give an sufficient condition
for weakly regular gbent functions. Some related constructions are also
obtained.
Keywords: generalized bent (gbent) function, Walsh-Hadamard trans-
form, Hadamard matrix, cyclotomic fields.
1 Introduction
As an interesting combinatorial object with the maximum Hamming distance
to the set of all affine Boolean functions, bent functions were introduced by
Rothaus [12] in 1976. Such functions have been extensively studied because
of their important applications in cryptograph [2], sequence design [10], cod-
ing theory [1], and association schemes [11]. We refer to [4, 16] for more on
cryptographic Boolean functions and bent functions.
In [13], Schmidt proposed the generalized bent functions from Zn2 to Z4,
which can be used to constant amplitude codes and Z4-linear codes for CDMA
communications. Later, generalized bent functions from Zn2 to Z8 and Z16 were
studied in [14] and [8], respectively. Recently, a generalization of bent functions
from Zn2 to Zq, where q ≥ 2 is any positive even integer, have attracted more
and more attention. Existence, characterizations and constructions of them were
studied by several authors [7, 5, 9, 15]. In fact, the study of generalizations of
Boolean bent functions started as early as in 1985 . In [6] Kumar introduced
the notion of generalized bent functions from Znq to Zq, where q is any positive
integer. Such functions are often called p-ary generalized bent functions when
q = p is an odd prime number. As for generalized bent functions from Zn2 to
1
Zq, a natural problem is to generalize them to the p-ary case, i.e., studying
generalized bent functions from Znp to Zq for an odd prime p. To the best of our
knowledge, there is no literature discussing such generalized bent functions up
to present. We mainly focus on the case when q is divided by p in the present
paper.
Throughout this paper, let Znp be an n-dimensional vector space over Zp for
an odd prime p, Zp (or Zq) be the ring of integer modulo p (or q), and C be the
field of complex numbers, where n, q are positive integers. If x = (x1, ..., xn)
and y = (y1, ..., yn) are two vectors in Z
n
p , we define the inner product by
x · y = x1y1 + · · ·+ xnyn (mod p) (without cause of confusion, we always omit
“mod p” in the sequel). For a complex number z = a + b
√−1, the absolute
value of z is |z| = √a2 + b2 and z¯ = a − b√−1 denotes the complex conjugate
of z, where a and b are real numbers.
A function from Znp to Zq is called a generalized Boolean function on n
variables, whose set is denoted by GBqn. We emphasize that q is a positive
integer divided by p in this paper. For a function f ∈ GBqn, the generalized
Walsh-Hadamard transform, which is a function Hf : Znp → C, can be defined
by
Hf (u) = p−n2
∑
x∈Znp
ζ−u·xp ζ
f(x)
q , (1)
for any u ∈ Znp , where ζp = e
2pi
√
−1
p and ζq = e
2pi
√
−1
q represent the complex
p-th and q-th primitive roots of unity, respectively. The inverse generalized
Walsh-Hadamard transform of f is
ζf(x)q = p
−n2
∑
u∈Znp
ζu·xp Hf (u). (2)
We call the function f a Zq-valued p-ary generalized bent (gbent) function if
|Hf (u)| = 1 for all u ∈ Znp . A gbent function f is regular if there exists some
generalized Boolean function f∗ satisfying Hf (u) = ζf
∗(u)
q for any u ∈ Znp .
Such a function f∗ is called the dual of f . From the inverse generalized Walsh-
Hadamard transform, it is easy to see that the dual f∗ of a gbent function f
is also regular. A gbent function f is called weakly regular if there exists some
generalized Boolean function f∗ and a complex α with unit magnitude satisfying
Hf (u) = αζf
∗(u)
q for any u ∈ Znp . When q = p, the gbent function f is just a
classical p-ary bent function.
The rest of the paper is organized as follows. In Section 2, from the theory of
cyclotomic fields we prove that for gbent functions f ∈ GBpkn , Hf (u) = αζf
∗(u)
pk
,
where α ∈ {±1,±√−1}. In Section 3, we give the sufficient and necessary
conditions for gbent functions f ∈ GBpkn , and the sufficient conditions for weakly
regular gbent functions in GBqn when q is divided by p but not a power of p. In
Section 4, we give some related constructions. Concluding remarks are given in
Section 5.
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2 Preliminaries
In this section we will give some results on cyclotomic fields, which will be
used in the following sections. We also completely determine that what Walsh
spectra values can attain, for any gbent function in GBpkn , where k is a positive
integer. Firstly, we state some basic facts on the cyclotomic fields K = Q(ζpk),
which can be found in any book on algebraic number theory, for example [17].
Let OK be the ring of integers of K = Q(ζpk). It is well known that OK =
Z[ζpk ]. Any nonzero ideal A of OK can be uniquely (up to the order) expressed
as
A = P a11 · · ·P ass ,
where P1, · · · , Ps are distinct prime ideals of OK and ai ≥ 1, for 1 ≤ i ≤ s. In
other words, the set S(K) of all the nonzero ideals of OK is a free multiplicative
communicative semigroup with a basis B(K), the set of all nonzero prime ideals
of OK . Such semigroup S(K) can be extended to the commutative group I(K),
called the group of fractional ideals of K. Each element of I(K), called a
fractional ideals, has the form AB−1, where A,B are ideals of OK . For each
α ∈ K∗ = K \{0}, αOK is a fractional ideals, called a principle fractional ideals,
and we have (αOK)(βOK) = αβOK , (αOK)−1 = (α−1)OK . Therefore, the set
P (K) of all principle fractional ideals is a subgroup of I(K). Some results on
K are given in the following lemmas.
Lemma 2.1. Let k ≥ 2 and K = Q(ζpk), then
(i) The field extension K/Q is Galois of degree (p − 1)pk−1 and the Galois
group Gal(K/Q) = {σj | j ∈ Z, (j, p) = 1}, where the automorphism σj of K is
defined by ζpk 7→ ζjpk .
(ii) The ring of integers in K is OK = Z[ζpk ] and {ζjpk | 0 ≤ j ≤ (p −
1)pk−1 − 1} is an integral basis of OK . The group of roots of unity in OK is
WK = {ζj2pk | 0 ≤ j ≤ 2pk − 1}
(iii) The principle ideal (1− ζpk)OK is a prime ideal of OK and the rational
prime p is totally ramified in OK , i.e., pOK = ((1 − ζpk)OK)(p−1)p
k−1
.
We know that an algebraic integer x of an algebraic number field is a root
of unity if and only if all its conjugates σ(x) (where σ ∈ Gal(K/Q) ) have
unit magnitude. We use σ∗ to denote the automorphism performing complex
conjugation, i.e., σ∗(ζpk) = ζ
−1
pk
. For the cyclotomic fields K = Q(ζpk), the
Galois group Gal(K/Q) is an Abelian group, which ensures that
xσ∗(x) = 1⇒ σ(x) · σ∗(σ(x)) = 1, ∀ σ ∈ Gal(K/Q),
and we therefore have
Lemma 2.2. If x ∈ K = Q(ζpk) is an algebraic integer having unit magnitude,
then x is a root of unity.
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For a gbent function f ∈ GBpkn , we will determine what the Walsh spectra
values of f can attain. Firstly, we give the following lemma, which will be used
to determine the Walsh spectra values of gbent functions in GBpkn .
Lemma 2.3 (see [6]). For a positive integer q,
(i) If q ≡ 0, 1 (mod 4), then √q ∈ Q(ζq),
(ii) If q ≡ 2, 3 (mod 4), then √q ∈ Q(ζ4q)\Q(ζ2q).
Lemma 2.4. For f ∈ GBpkn , i.e., f : Znp → Zpk , Hf (u) is a root of unity for
any u ∈ Znp .
Proof. Since f is gbent in GBpkn , then
(p
n
2Hf (u))σ∗(pn2Hf (u)) = pn2Hf (u)pn2Hf (u) = pn.
From condition (iii) of Lemma 2.1, we have
((p
n
2Hf (u))OK)σ∗((pn2Hf (u))OK) = ((1− ζpk)OK)n(p−1)p
k−1
.
According to the uniqueness of decomposition of ((p
n
2Hf (u))OK)σ∗((pn2Hf (u))OK),
we can assume that
(p
n
2Hf (u))OK = ((1 − ζpk)OK)l,
for some 1 ≤ l ≤ n(p− 1)pk−1. Therefore, we can get
σ∗((p
n
2Hf (u))OK) = ((1 − ζp
k−1
pk
)OK)l.
The algebraic integer 1 − ζpk and 1 − ζp
k−1
pk
generate the same ideal in OK as
each is a unit times the other. So we have
(p
n
2Hf (u))OK = σ∗((pn2Hf (u))OK) = ((1− ζp
k−1
pk
)OK)
p−1
2 np
k−1
.
Further, we have
(p
n
2Hf (u)OK)2 = pnOK .
Therefore, there exists a unit u ∈ OK such that (pn2Hf (u))2/pn = u, i.e.,
H2f (u) = u, so the Fourier coefficient Hf (u) is a algebraic integer. As f is
gbent, this algebraic integer has unit magnitude and must be a unity root, by
Lemma 2.2.
Lemma 2.5. For gbent function f ∈ GBpkn , there exists a function f∗ : Znp →
Zpk such that
Hf (u) =
{
±ζf∗(u)
pk
if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζf∗(u)
pk
if n is odd and p ≡ 3(mod 4).
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Proof. (1) When n is even, p−
n
2 ∈ Q, So Hf (u) ∈ Q(ζpk), for any u ∈ Znp . From
Lemma 2.4 and condition (ii) of Lemma 2.1, we have Hf (u) = ζl2pk , for some
0 ≤ l ≤ 2pk − 1.
If l is even, then set f∗(u) = l2 , we have Hf (u) = ζ
f∗(u)
pk
.
If l is odd, then set f∗(u) = p
k+l
2 (mod p
k), we have Hf (u) = −ζf
∗(u)
pk
.
(2) When n is odd and p ≡ 1 (mod 4), from Lemma 2.3, we have √p ∈
Q(ζp) ⊆ Q(ζpk), So Hf (u) ∈ Q(ζpk), for any u ∈ Znp . Similarly as the case n is
even, we can get Hf (u) = ±ζf
∗(u)
pk
.
(3) When n is odd and p ≡ 3 (mod 4), from Lemma 2.3, we have √p ∈
Q(ζ4p) \Q(ζ2p). It is easily to get that Hf (u) ∈ Q(ζ4pk) \Q(ζ2pk), from Lemma
2.4 and condition (ii) of Lemma 2.1, we have Hf (u) = ζ2l+14pk , for some 0 ≤ l ≤
2pk − 1.
If pk ≡ 1 (mod 4) and l is even, then set f∗(u) = 3pk+2l+14 (mod pk), we
have Hf (u) =
√−1ζf∗(u)
pk
; if l is odd, then set f∗(u) = p
k+2l+1
4 (mod p
k), we
have Hf (u) = −
√−1ζf∗(u)
pk
.
If pk ≡ 3 (mod 4) and l is even, then set f∗(u) = pk+2l+14 (mod pk), we have
Hf (u) = −
√−1ζf∗(u)
pk
; if l is odd, then set f∗(u) = 3p
k+2l+1
4 (mod p
k), we have
Hf (u) =
√−1ζf∗(u)
pk
.
This completes the proof.
Remark 2.1. In Lemma 2.5, when k = 1, the gbent function f is just classical
p-ary bent function. In this case, we have
Hf (u) =
{
±ζf∗(u)p if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζf∗(u)p if n is odd and p ≡ 3(mod 4).
which coincides with the result given by C¸es¸meliogˇlu et al. in [3].
Lemma 2.6. Let k is a positive integer, and a ∈ Zp, then
ζapk =
1
p
∑
i∈Zp
∑
j∈Zp
ζ(a−i)jp
 ζipk
Proof. Let Vp(ζp) and Vp(ζ−1p ) be the p× p matrix:
Vp(ζp) =

1 1 · · · 1
1 ζp · · · ζp−1p
...
...
. . .
...
1 ζp−1p · · · ζ(p−1)(p−1)p

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and
Vp(ζ−1p ) =

1 1 · · · 1
1 ζ−1p · · · ζ−(p−1)p
...
...
. . .
...
1 ζ
−(p−1)
p · · · ζ−(p−1)(p−1)p
 .
In fact, we know that Vp(ζp) is a generalized Hadamard matrix, i.e., Vp(ζp)(Vp(ζp))T =
pIp, and (Vp(ζp))T = Vp(ζ−1p ), therefore, we have
Vp(ζp)Vp(ζ−1p ) = pIp, (3)
where Ip stands for the identity matrix of size p. Define now a collection of
maps from C to itself by setting
h0(z)
h1(z)
...
hp−1(z)
 = Vp(ζ−1p )

1
z
...
zp−1

or equivalently, for any i ∈ Zp,
hj(z) =
∑
i∈Zp
ζ−jip z
i. (4)
Furthermore, according to (3), one has, for any z ∈ C,
1
z
...
zp−1
 = 1pVp(ζp)

h0(z)
h1(z)
...
hp−1(z)

that is, for any a ∈ Zp,
za =
1
p
∑
j∈Zp
ζjap hj(z). (5)
Then plugging Eq. (4) into Eq. (5), we have
za =
1
p
∑
i∈Zp
( ∑
j∈Zp
ζ(a−i)jp
)
zi. (6)
If we set z = ζqk and plugging it into Eq. (6), then we get
ζapk =
1
p
∑
i∈Zp
( ∑
j∈Zp
ζ(a−i)jp
)
ζipk .
This completes the proof.
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Lemma 2.7. (i). {1, ζpk , ζ2pk , . . . , ζp
k−1−1
pk
} is a basis of Q(ζp, ζpk) over Q(ζp);
(ii). {1, ζpk , ζ2pk , . . . , ζp
k−1−1
pk
} is a basis of Q(ζp,
√−1, ζpk) over Q(ζp,
√−1).
Proof. (i). It is easy to see that we only need to prove {1, ζpk , ζ2pk , . . . , ζp
k−1−1
pk
}
is linear independently over Q(ζp).
Suppose that there exists ai =
∑p−1
j=0 aijζ
j
p ∈ Q(ζp), 0 ≤ i ≤ pk−1 − 1, such that
pk−1−1∑
i=0
aiζ
i
pk = 0,
i.e.,
pk−1−1∑
i=0
p−1∑
j=0
aijζ
j
pζ
i
pk =
pk−1−1∑
i=0
p−1∑
j=0
aijζ
jpk−1+i
pk
= 0.
It is well known that {1, ζpk , ζ2pk , . . . , ζ
(p−1)pk−1−1
pk
} is a basis of Q(ζpk) over Q,
thus all aij = 0, i.e., all ai = 0. So (i) holds.
(ii). Suppose that there exists ai =
∑p−1
j=0 aijζ
j
p ∈ Q(ζp,
√−1), 0 ≤ i ≤ pk−1−1,
and aij = bij + cij
√−1, such that
pk−1−1∑
i=0
aiζ
i
pk = 0,
i.e.,
pk−1−1∑
i=0
p−1∑
j=0
aijζ
j
pζ
i
pk =
pk−1−1∑
i=0
p−1∑
j=0
aijζ
jpk−1+i
pk
=
pk−1−1∑
i=0
p−1∑
j=0
bijζ
jpk−1+i
pk
+
√−1
pk−1−1∑
i=0
p−1∑
j=0
cijζ
jpk−1+i
pk
= 0.
If
∑pk−1−1
i=0
∑p−1
j=0 bijζ
jpk−1+i
pk
6= 0, then √−1 ∈ Q(ζpk), which is a contradic-
tion. Therefore,
∑pk−1−1
i=0
∑p−1
j=0 bijζ
jpk−1+i
pk
=
∑pk−1−1
i=0
∑p−1
j=0 cijζ
jpk−1+i
pk
= 0,
similarly as (i), all bij and cij equal to 0, i.e., all ai = 0. So (ii) holds.
Lemma 2.8. Let γa =
∑
v∈Z
k−1
p
ζ−a·vp ζ
∑k−1
j=1 vjp
k−1−j
pk
, where a ∈ Zk−1p and v =
(v1, v2, . . . , vk−1) ∈ Zk−1p . Then
ζepk =
1
pk−1
∑
a∈Z
k−1
p
ζa·up γa
where e =
∑k−1
j=1 ujp
k−1−j and u = (u1, u2, . . . , uk−1) ∈ Zk−1p .
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Proof. For simplicity, denote
A =
1
pk−1
∑
a∈Z
k−1
p
ζa·up γa.
Then, we have
A =
1
pk−1
∑
a∈Z
k−1
p
ζa·up
∑
v∈Z
k−1
p
ζ−a·vp ζ
∑k−1
j=1 vjp
k−1−j
pk
=
1
pk−1
∑
v∈Z
k−1
p
ζ
∑k−1
j=1 vjp
k−1−j
pk
∑
a∈Z
k−1
p
ζa·(u−v)p .
Since ζ
a·(u−v)
p =
{
0, u 6= v
pk−1, u = v
. This leads to
A =
1
pk−1
· pk−1ζ
∑k−1
j=1 ujp
k−1−j
pk
= ζepk .
This completes the proof.
Remark 2.2. Note that {1, ζpk , ζ2pk , . . . , ζp
k−1−1
pk
} is a basis of Q(ζp, ζpk) over
Q(ζp), and ζ
e
pk
, 0 ≤ e ≤ pk−1 − 1, can be expressed by γa,a ∈ Zk−1p , where the
coefficients can form a non-singular matrix over Q(ζp). So {γa|a ∈ Zk−1p } is
also a basis of Q(ζp, ζpk) over Q(ζp). Similarly, {γa|a ∈ Zk−1p } is also a basis
of Q(ζp,
√−1, ζpk) over Q(ζp,
√−1).
Lemma 2.9. Let a ∈ Zk−1p and γa =
∑
v∈Z
k−1
p
ζ−a·vp ζ
∑k−1
i=1 vip
k−1−i
pk
. Then
γa =
k∏
i=1
∑
l∈Zp
ζlaip ζ
p−l
p1+i

Proof. For simplicity, denote
A =
k∏
i=1
∑
l∈Zp
ζlaip ζ
p−l
p1+i
 .
Then, we have
A =
k∏
i=1
∑
l∈Zp
ζlaip ζ
(p−l)pk−1−i
pk

vi:=p−l
=
k∏
i=1
∑
vi∈Zp
ζ−aivip ζ
vip
k−1−i
pk

=
∑
v∈Z
k−1
p
ζ−a·vp ζ
∑k−1
i=1 vip
k−1−i
pk
.
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This completes the proof.
3 Sufficient (and necessary) conditions for gbent
functions
In this section, we mainly focus on functions from Znp to Zq, where p is an odd
prime number and q is a positive integer divided by p. In subsection 3.1, we
present the complete characterization of gbent functions in GBpkn in terms of
classical p-ary bent functions. In other words, we give an efficient and necessary
condition for gbent functions in GBpkn . In subsection 3.2, we consider generalized
bent functions in GBqn, where q is a positive integer divided by p but not the
power of p. In this case, we give an sufficient condition for weakly regular gbent
functions in GBqn.
3.1 sufficient and necessary conditions for gbent functions
in GBpk
n
Let f : Znp → Zpk be a generalized Boolean function defined by f(x) =
∑k−1
i=0 fi(x)p
k−1−i,
where fi ∈ Bpn. It turns out that the generalized Walsh-Hadamard spectrum of
f can be described in terms of the Walsh-Hadamard spectrum of its components
functions fi.
Theorem 3.1. Let f(x) =
∑k−1
i=0 fi(x)p
k−1−i, where f ∈ GBpkn and fi ∈ Bpn.
Then
Hf (u) = 1
pk−1
∑
a∈Z
k−1
p
H
f0+
∑k−1
i=1 aifi
(u)γa, (7)
where γa =
∑
v∈Z
k−1
p
ζ−a·vp ζ
∑k−1
i=1 vip
k−1−i
pk
.
Proof. According to the definition of Hf (u), we have
p
n
2Hf (u) =
∑
x∈Znp
ζ−u·xp ζ
f(x)
pk
=
∑
x∈Znp
ζ
∑k−1
i=0 fi(x)p
k−1−i
pk
ζ−u·xp
=
∑
x∈Znp
ζ
∑k−1
i=0 fi(x)
p1+i
ζ−u·xp
=
∑
x∈Znp
ζ−u·xp
k−1∏
i=0
ζ
fi(x)
p1+i
=
∑
x∈Znp
ζ−u·x+f0(x)p
k−1∏
i=1
ζ
fi(x)
p1+i
9
=
1
pk−1
∑
x∈Znp
ζ−u·x+f0(x)p
k−1∏
i=1
∑
j∈Zp
( ∑
ai∈ZP
ζ(fi(x)−j)aip
)
ζj
p1+i

j:=p−l
=
1
pk−1
∑
x∈Znp
ζ−u·x+f0(x)p
k−1∏
i=1
 ∑
ai∈Zp
( ∑
l∈ZP
ζlaip ζ
p−l
p1+i
)
ζaifi(x)p

=
1
pk−1
∑
x∈Znp
ζ−u·x+f0(x)p
∑
a∈Zp
ζ
∑k−1
i=1 aifi(x)
p
k−1∏
i=1
( ∑
l∈ZP
ζlaip ζ
p−l
p1+i
)
=
1
pk−1
∑
a∈Znp
k−1∏
i=1
( ∑
l∈ZP
ζlaip ζ
p−l
p1+i
) ∑
x∈Z
k−1
p
ζ
−u·x+f0(x)+
∑k−1
i=1 aifi(x)
p
=
1
pk−1
p
n
2
∑
a∈Znp
H
f0(x)+
∑k−1
i=1 aifi(x)
(u)
k−1∏
i=1
( ∑
l∈ZP
ζlaip ζ
p−l
p1+i
)
=
1
pk−1
p
n
2
∑
a∈Znp
H
f0(x)+
∑k−1
i=1 aifi(x)
(u)γa.
The last equality holds from Lemma 2.9. It is easily to get that
Hf (u) = 1
pk−1
∑
a∈Z
k−1
p
H
f0+
∑k−1
i=1 aifi
(u)γa.
This completes the proof.
Theorem 3.2. Let k ≥ 2 and f(x) =∑k−1i=0 fi(x)pk−1−i, where f ∈ GBpkn and
fi ∈ Bpn. Then f is gbent if and only if for any u ∈ Znp and a ∈ Zk−1p , there
exists some v ∈ Zk−1p and j ∈ Zp such that
H
f0+
∑k−1
i=1 aifi
(u) =
{ ±ζv·a+jp if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζv·a+jp if n is odd and p ≡ 3(mod 4).
where a = (a1, a2, · · · , ak−1).
Proof. If n is even or n is odd and p ≡ 1 (mod 4), then Hf (u) = ±ζipk , for some
0 ≤ i ≤ pk − 1. Hence, Hf (u) can be expressed as Hf (u) = ±ζjpζi−jp
k−1
pk
, where
0 ≤ j ≤ p − 1 and 0 ≤ i − jpk−1 ≤ pk−1 − 1. According to Theorem 3.1 and
Lemma 2.8, we have
Hf (u) = 1
pk−1
∑
a∈Z
k−1
p
H
f0+
∑k−1
i=1 aifi
(u)γa
= ±ζjp
1
pk−1
∑
a∈Z
k−1
p
ζa·vp γa
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By the definition of Walsh-Hadamard transform and condition (i) of Lemma
2.3, we have
H
f0+
∑k−1
i=1 aifi
(u) = p−
n
2
∑
x∈Znp
ζ
f0(x)+
∑k−1
i=1 aifi(x)
p ∈ Q(ζp),
when n is even or n is odd and p ≡ 1 (mod 4). Then from Remark 2.2, we can
get
H
f0+
∑k−1
i=1 aifi
(u) = ±ζv·a+jp ,
where v and j only depend f and u.
If n is odd and p ≡ 3 (mod 4), By the definition of Walsh-Hadamard trans-
form and condition (ii) of Lemma 2.3, we have
H
f0+
∑k−1
i=1 aifi
(u) = p−
n
2
∑
x∈Znp
ζ
f0(x)+
∑k−1
i=1 aifi(x)
p ∈ Q(ζ4p)\Q(ζ2p) ⊆ Q(ζp,
√−1).
Similarly as above, from Lemma 2.5 and Remark 2.2, we can get
H
f0+
∑k−1
i=1 aifi
(u) = ±√−1ζv·a+jp .
This completes the proof.
Remark 3.1. Let k ≥ 2 and f(x) = ∑k−1i=0 fi(x)pk−1−i be a gbent function,
where f ∈ GBpkn and fi ∈ Bpn. Then, from Theorem 3.2, f0+
∑k−1
i=1 aifi is p-ary
bent for all a ∈ Zk−1p .
The following results are straightforward consequences of Theorem 3.2.
Corollary 3.1. Let k ≥ 2 and f(x) = ∑k−1i=0 fi(x)pk−1−i be a gbent function,
where f ∈ GBpkn and fi ∈ Bpn. Then, gpi is always gbent, where gpi is defined as
gpi(x) = g0(x)p
k−1+
∑k−1
i=1 gpi(i)(x)p
k−1−i for any permutation π of {1, 2, · · · , k−
1}.
Corollary 3.2. Let k ≥ 2, l ≤ k, and f(x) = ∑k−1i=0 fi(x)pk−1−i be a gbent
function, where f ∈ GBpkn and fi ∈ Bpn. Then, gI is always gbent in GBp
l
n ,
where gI is defined as gI(x) = g0(x)p
l−1 +
∑l−1
j=1 gij (x)p
k−1−i for any subset
I = {i1, · · · , il−1} of {1, 2, · · · , k − 1}, where #I = l− 1.
3.2 sufficient conditions for regular gbent functions in GBq
n
In this subsection, we consider generalized Boolean functions in GBqn, where q is
a positive integer divided by p but not the power of p. In this case, an efficient
condition for weakly regular gbent function was given, which in terms of the
component functions of f .
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Let f : Znp → Zq, pk−1 < q < pk and p|q, be given, commonly, as f(x) =∑k−1
i=0 fi(x)p
k−1−i. However, for the reasons explained below, we rewrite the
function f(x) as
f(x) =
q
p
f0(x) +
k−1∑
i=1
fi(x)p
k−1−i, (8)
where fi ∈ Bpn. The importance of the term qpf0(x) is due to the fact that qp
is the only coefficient from Zq for which it holds that ζ
q
p
f0(x)
q = ζ
f0(x)
p . This
coefficients, which naturally appears when q = pk as the coefficient of f0(x) as
discussed in subsection 3.1, actually made it possible to express the spectral
values of the generalized Walsh-Hadamard transform of f in terms of certain
linear combinations ofH
f0+
∑k−1
i=1 aifi
(u) as given by (7). Then, we give the main
result of this subsection.
Theorem 3.3. Let f : Znp → Zq, pk−1 < q < pk and p|q, be given as f(x) =
q
p
f0(x) +
∑k−1
i=1 fi(x)p
k−1−i, where fi ∈ Bpn. For any u ∈ Znp and a ∈ Zk−1p , if
there exists some v ∈ Zk−1p and j ∈ Zp such that
H
f0+
∑k−1
i=1 aifi
(u) = αζv·a+jp ,
where a = (a1, a2, · · · , ak−1) and α is a complex number with unit magnitude,
then f is a weakly regular gbent function.
Proof. Similarly as in Theorem 3.1, we can get
Hf (u) = 1
pk−1
∑
a∈Z
k−1
p
H
f0+
∑k−1
i=1 aifi
(u)γ˜a.
Note that γ˜a =
∑
v∈Z
k−1
p
ζ−a·vp ζ
∑k−1
i=1 vjp
k−1−i
q . For any u, a ∈ Zk−1p , if there
exists some v ∈ Zk−1p and j ∈ Zp such that
H
f0+
∑k−1
i=1 aifi
(u) = αζv·a+jp ,
then we have
Hf (u) = 1
pk−1
∑
a∈Z
k−1
p
αζv·a+jp γ˜a
=
α
pk−1
∑
a∈Z
k−1
p
ζv·a+jp
∑
w∈Z
k−1
p
ζ−a·wp ζ
∑k−1
i=1 wip
k−1−i
q
=
α
pk−1
ζjp
∑
w∈Z
k−1
p
ζ
∑k−1
i=1 wip
k−1−i
q
∑
a∈Z
k−1
p
ζ(v−w)·ap
= αζjpζ
∑k−1
i=1 vip
k−1−i
q
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= αζ
qj
p
+
∑k−1
i=1 vip
k−1−i
q .
Therefore, we conclude that f is a weakly regular gbent function. This completes
the proof.
Remark 3.2. Under the assumptions of Theorem 3.3, it is easily to get that
fpi(x) is always weakly regular gbent, where fpi(x) is defined as fpi(x) =
q
p
f0(x)+∑k−1
i=1 fpi(x)p
k−1−i for any permutation π of {1, 2, · · · , k − 1}.
Remark 3.3. For gbent functions in GBpkn , we have proved that Hf (u) =
αζ
f∗(u)
pk
for any u ∈ Znp and α ∈ {±1,±
√−1} in section 2. However, for
gbent functions in GBqn (pk−1 < q < pk), where q is divided by p but not the
power of p, we can not completely determine what Hf (u) can attain for any
u ∈ Znp .
If we assume that α ∈ {±1,±√−1} in theorem 3.3, we still can not get
sufficient and necessary conditions for gbent functions in GBqn, because, in this
case, {γ˜a| a ∈ Zk−1p } is not a basis of Q(ζq) over Q(ζp) (since φ(q)p−1 < pk−1,
where φ is Euler’s totient function).
4 Construction of gbent functions
The results from previous sections allow us to construct gbent functions in
GBpkn (or GBqn). In fact, the conditions in Theorem 3.2 can be transformed
in the following words. For (a1, a2, · · · , ak−1) ∈ Znp , let i :=
∑k−1
j=1 ajp
j−1
and denote ai = (a1, a2, · · · , ak−1). Denote Hai(u) = Hf0+∑k−1i=1 aifi(u) =
αζjpζ
v·a
p , where α ∈ {±1,±
√−1}. It is easily to see that for any u ∈ Znp , we
have (Ha0(u),Ha1(u), · · · ,Hapk−1−1(u)) = αζjp(ζv·a0p , ζv·a1p , · · · , ζ
v·a
pk−1−1
p ) =
αζjpH
(r)
pk−1
, where Hpk−1 = H
⊗(k−1)
p is a generalized Hadamad matrix of order
pk−1 and Hp is defined as Hp = (ζ
i·j
p )0≤i,j≤p−1, H
(r)
pk−1
stands for the r-th row
of Hpk−1 . Therefore, Theorem 3.2 can restate as follows:
Let k ≥ 2 and f(x) = ∑k−1i=0 fi(x)pk−1−i ∈ GBpkn and fi ∈ Bpn. Then f is
gbent if and only if for every u ∈ Znp , there exists some v ∈ Zk−1p and j ∈ Zp
such that
(Ha0(u),Ha1(u), · · · ,Hapk−1−1(u)) =

±ζjp(ζv·a0p , ζv·a1p , · · · , ζ
v·a
pk−1−1
p )
if n is even or n is odd and p ≡ 1(mod 4),
±√−1ζjp(ζv·a0p , ζv·a1p , · · · , ζ
v·a
pk−1−1
p )
if n is odd and p ≡ 3(mod 4).
where a = (a1, a2, · · · , ak−1).
Theorem 4.1. Let k ≥ 2, n = 2m, and f(x) =∑k−1i=0 fi(x)pk−1−i ∈ GBpk2m. Let
f0(x) =
∑m
i=1 βixixi+m and fi(x) ∈ A(x1, x2, · · · , xm;Zp), 1 ≤ i ≤ m, where
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βi ∈ Zp and A(x1, x2, · · · , xm;Zp) denotes the set of all affine functions from
Znp → Zp, with variables x1, · · · , xm and coefficients in Zp. Then f is gbent.
Proof. With the help of the previous discussion, we only need to prove that for
every ai = (a1, · · · , ak−1) ∈ Zk−1p and u ∈ Znp there exists some v ∈ Zk−1p and
j ∈ Zp such that
Hai(u) = ǫζjp · ζv·aip ,
where ǫ = 1 or −1 is independent of ai (in this case ǫ = 1).
By definition
Hai(u) = p−m
∑
x∈Z2mp
ζ
f0(x)+
∑k−1
i=1 aifi(x)−u·x
p
= p−m
∑
x∈Z2mp
ζ
∑m
i=1 βixixi+m+
∑k−1
i=1 aili(x1,··· ,xm)−
∑2m
i=1 uixi
p
= p−m
 ∑
(x1,xm+1)∈Z2p
· · ·
 ∑
(xm,x2m)∈Z2p
ζ
βmxmx2m+xml
(m)(a1,··· ,ak−1)−
∑2
i=1 umixmi
p

= p−m
 ∑
(x1,xm+1)∈Z2p
· · ·
 ∑
xm∈Zp
ζxml
(m)(a1,··· ,ak−1)−umxm
p
∑
x2m∈Zp
ζβmxmx2m−u2mx2mp

= p−m
 ∑
(x1,xm+1)∈Z2p
· · ·
(
pζ
u2mβ
−1
m (l
(m)(a1,··· ,ak−1)−um)
p
)
= ζ
∑m
i=1 u2iβ
−1
i
(l(i)(a1,··· ,ak−1)−ui)
p
= ζ
g0(β1,··· ,βm;u1,··· ,u2m)+
∑k−1
i=1 aigi(β1,··· ,βm;u1,··· ,u2m)
p
= ζjpζ
v·ai
p .
Where j = g0(β1, · · · , βm;u1, · · · , u2m) and v =
(
g1(β1, · · · , βm;u1, · · · , u2m),
· · · , gk−1(β1, · · · , βm;u1, · · · , u2m)
)
, gi is a function with variables β1, · · · , βm,
u1, · · · , u2m, and l(i)(a1, · · · , ak−1) ∈ A(a1, · · · , ak−1;Zp).
This completes the proof.
Remark 4.1. we note that the above discussions and Theorem 4.1 is also adapt
to gbent functions in GBqn, where q is divided by p and not the power of it.
Corollary 4.1. Let k ≥ 2, n = 2m, and f(x) = ∑k−1i=0 fi(x)pk−1−i ∈ GBpk2m.
Let f0(x) =
∑m
i=1 βixixi+m and fi(x) = ci, where βi, ci ∈ Zp, 1 ≤ i ≤ m, then
f is gbent.
Proof. From Theorem 4.1, the corollary follows.
In the following, we give the examples of gbent functions for q = pk and not,
respectively.
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Example 4.1. Let f : Z43 → Z27 and f(x) = 9f0(x) + 3f1(x) + f2(x), where
f0(x) = 2x1x3 + x2x4, f1(x) = x1 + x2 and f2(x) = x1. From Theorem 4.1, we
know that f is gbent.
Denoting Ha(u) = (Ha0(u),Ha1(u), · · · ,Ha8(u)), for u ∈ Z43, the vectors
Ha(u) are given in Table 1. We note that H9 = H⊗23 , where
H3 =
1 1 11 ζ3 ζ23
1 ζ23 ζ3
 .
Example 4.2. Let f : Z43 → Z21 and f(x) = 7f0(x) + 3f1(x) + f2(x), where
f0(x) = x1x3 +2x2x4, f1(x) = 2x1 + x2 and f2(x) = 1. From Theorem 4.1 and
3.3, we know that f is gbent.
Denoting Ha(u) = (Ha0(u),Ha1(u), · · · ,Ha8(u)), for u ∈ Z43, the vectors
Ha(u) are given in Table 2.
5 Concluding remarks
In this paper, we have investigated gbent functions in GBqn. For q = pk, the
complete characterization of gbent functions in GBpkn in terms of classical p-ary
bent functions are given, and for such q divided by p but not a power of it,
we give the sufficient conditions for weakly regular gbent functions. Besides,
constructions of such gbent functions in GBqn is also considered. It would be
interesting to construct more gbent functions from Znp to Zq.
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A Ha(u) for f in Example 4.1
Table 1: Vectors Ha(u) for all u ∈ Z43
u ∈ Z43 Ha(u) = (Ha0(u), · · · ,Ha8(u)) Ha(u) = ζi3H(r)9
u0 = (0, 0, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u1 = (1, 0, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u2 = (2, 0, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u3 = (0, 1, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
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u4 = (1, 1, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u5 = (2, 1, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u6 = (0, 2, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u7 = (1, 2, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u8 = (2, 2, 0, 0) (1,1,1,1,1,1,1,1,1) H
(0)
9
u9 = (0, 0, 1, 0) (1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) H
(8)
9
u10 = (1, 0, 1, 0) ζ3(1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) ζ3H
(8)
9
u11 = (2, 0, 1, 0) ζ
2
3 (1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) ζ
2
3H
(8)
9
u12 = (0, 1, 1, 0) (1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) H
(8)
9
u13 = (1, 1, 1, 0) ζ3(1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) ζ3H
(8)
9
u14 = (2, 1, 1, 0) ζ
2
3 (1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) ζ
2
3H
(8)
9
u15 = (0, 2, 1, 0) (1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) H
(8)
9
u16 = (1, 2, 1, 0) ζ3(1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) ζ3H
(8)
9
u17 = (2, 2, 1, 0) ζ
2
3 (1, ζ
2
3 , ζ3, ζ
2
3 , ζ3, 1, ζ3, 1, ζ
2
3 ) ζ
2
3H
(8)
9
u18 = (0, 0, 2, 0) (1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) H
(4)
9
u19 = (1, 0, 2, 0) ζ
2
3 (1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) ζ
2
3H
(4)
9
u20 = (2, 0, 2, 0) ζ3(1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) ζ3H
(4)
9
u21 = (0, 1, 2, 0) (1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) H
(4)
9
u22 = (1, 1, 2, 0) ζ
2
3 (1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) ζ
2
3H
(4)
9
u23 = (2, 1, 2, 0) ζ3(1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) ζ3H
(4)
9
u24 = (0, 2, 2, 0) (1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) H
(4)
9
u25 = (1, 2, 2, 0) ζ
2
3 (1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) ζ
2
3H
(4)
9
u26 = (2, 2, 2, 0) ζ3(1, ζ3, ζ
2
3 , ζ3, ζ
2
3 , 1, ζ
2
3 , 1, ζ3) ζ3H
(4)
9
u27 = (0, 0, 0, 1) (1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) H
(3)
9
u28 = (1, 0, 0, 1) (1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) H
(3)
9
u29 = (2, 0, 0, 1) (1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) H
(3)
9
u30 = (0, 1, 0, 1) ζ
2
3 (1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) ζ
2
3H
(3)
9
u31 = (1, 1, 0, 1) ζ
2
3 (1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) ζ
2
3H
(3)
9
u32 = (2, 1, 0, 1) ζ
2
3 (1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) ζ
2
3H
(3)
9
u33 = (0, 2, 0, 1) ζ3(1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) ζ3H
(3)
9
u34 = (1, 2, 0, 1) ζ3(1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) ζ3H
(3)
9
u35 = (2, 2, 0, 1) ζ3(1, 1, 1, ζ3, ζ3, ζ3, ζ
2
3 , ζ
2
3 , ζ
2
3 ) ζ3H
(3)
9
u36 = (0, 0, 1, 1) (1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) H
(2)
9
u37 = (1, 0, 1, 1) ζ3(1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) ζ3H
(2)
9
u38 = (2, 0, 1, 1) ζ
2
3 (1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) ζ
2
3H
(2)
9
u39 = (0, 1, 1, 1) ζ
2
3 (1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) ζ
2
3H
(2)
9
u40 = (1, 1, 1, 1) (1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) H
(2)
9
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u41 = (2, 1, 1, 1) ζ3(1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) ζ3H
(2)
9
u42 = (0, 2, 1, 1) ζ3(1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) ζ3H
(2)
9
u43 = (1, 2, 1, 1) ζ
2
3 (1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) ζ
2
3H
(2)
9
u44 = (2, 2, 1, 1) (1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3, 1, ζ
2
3 , ζ3) H
(2)
9
u45 = (0, 0, 2, 1) (1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) H
(7)
9
u46 = (1, 0, 2, 1) ζ
2
3 (1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) ζ
2
3H
(7)
9
u47 = (2, 0, 2, 1) ζ3(1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) ζ3H
(7)
9
u48 = (0, 1, 2, 1) ζ
2
3 (1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) ζ
2
3H
(7)
9
u49 = (1, 1, 2, 1) ζ3(1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) ζ3H
(7)
9
u50 = (2, 1, 2, 1) (1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) H
(7)
9
u51 = (0, 2, 2, 1) ζ3(1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) ζ3H
(7)
9
u52 = (1, 2, 2, 1) (1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) H
(7)
9
u53 = (2, 2, 2, 1) ζ
2
3 (1, ζ3, ζ
2
3 , ζ
2
3 , 1, ζ3, ζ3, ζ
2
3 , 1) ζ
2
3H
(7)
9
u54 = (0, 0, 0, 2) (1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) H
(6)
9
u55 = (1, 0, 0, 2) (1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) H
(6)
9
u56 = (2, 0, 0, 2) (1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) H
(6)
9
u57 = (0, 1, 0, 2) ζ3(1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) ζ3H
(6)
9
u58 = (1, 1, 0, 2) ζ3(1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) ζ3H
(6)
9
u59 = (2, 1, 0, 2) ζ3(1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) ζ3H
(6)
9
u60 = (0, 2, 0, 2) ζ
2
3 (1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) ζ
2
3H
(6)
9
u61 = (1, 2, 0, 2) ζ
2
3 (1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) ζ
2
3H
(6)
9
u62 = (2, 2, 0, 2) ζ
2
3 (1, 1, 1, ζ
2
3 , ζ
2
3 , ζ
2
3 , ζ3, ζ3, ζ
2
3 ) ζ
2
3H
(6)
9
u63 = (0, 0, 1, 2) (1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) H
(5)
9
u64 = (1, 0, 1, 2) ζ3(1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) ζ3H
(5)
9
u65 = (2, 0, 1, 2) ζ
2
3 (1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) ζ
2
3H
(5)
9
u66 = (0, 1, 1, 2) ζ3(1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) ζ3H
(5)
9
u67 = (1, 1, 1, 2) ζ
2
3 (1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) ζ
2
3H
(5)
9
u68 = (2, 1, 1, 2) (1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) H
(5)
9
u69 = (0, 2, 1, 2) ζ
2
3 (1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) ζ
2
3H
(5)
9
u70 = (1, 2, 1, 2) (1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) H
(5)
9
u71 = (2, 2, 1, 2) ζ3(1, ζ
2
3 , ζ3, ζ3, 1, ζ
2
3 , ζ
2
3 , ζ3, 1) ζ3H
(5)
9
u72 = (0, 0, 2, 2) (1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) H
(1)
9
u73 = (1, 0, 2, 2) ζ
2
3 (1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) ζ
2
3H
(1)
9
u74 = (2, 0, 2, 2) ζ3(1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) ζ3H
(1)
9
u75 = (0, 1, 2, 2) ζ3(1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) ζ3H
(1)
9
u76 = (1, 1, 2, 2) (1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) H
(1)
9
u77 = (2, 1, 2, 2) ζ
2
3 (1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) ζ
2
3H
(1)
9
18
u78 = (0, 2, 2, 2) ζ
2
3 (1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) ζ
2
3H
(1)
9
u79 = (1, 2, 2, 2) ζ3(1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) ζ3H
(1)
9
u80 = (2, 2, 2, 2) (1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 , 1, ζ3, ζ
2
3 ) H
(1)
9
B Ha(u) for f in Example 4.2
Table 2: Vectors Ha(u) for all u ∈ Z43
u ∈ Z43 Ha(u) u ∈ Z43 Ha(u) u ∈ Z43 Ha(u)
(0, 0, 0, 0) H
(1)
9 (0, 0, 0, 1) H
(7)
9 (0, 0, 0, 2) H
(4)
9
(1, 0, 0, 0) H
(1)
9 (1, 0, 0, 1) H
(7)
9 (1, 0, 0, 2) H
(4)
9
(2, 0, 0, 0) H
(1)
9 (2, 0, 0, 1) H
(7)
9 (2, 0, 0, 2) H
(4)
9
(0, 1, 0, 0) H
(1)
9 (0, 1, 0, 1) ζ3H
(7)
9 (0, 1, 0, 2) ζ
2
3H
(4)
9
(1, 1, 0, 0) H
(1)
9 (1, 1, 0, 1) ζ3H
(7)
9 (1, 1, 0, 2) ζ
2
3H
(4)
9
(2, 1, 0, 0) H
(1)
9 (2, 1, 0, 1) ζ3H
(7)
9 (2, 1, 0, 2) ζ
2
3H
(4)
9
(0, 2, 0, 0) H
(1)
9 (0, 2, 0, 1) ζ
2
3H
(7)
9 (0, 2, 0, 2) ζ3H
(4)
9
(1, 2, 0, 0) H
(1)
9 (1, 2, 0, 1) ζ
2
3H
(7)
9 (1, 2, 0, 2) ζ3H
(4)
9
(2, 2, 0, 0) H
(1)
9 (2, 2, 0, 1) ζ
2
3H
(7)
9 (2, 2, 0, 2) ζ3H
(4)
9
(0, 0, 1, 0) H
(7)
9 (0, 0, 1, 1) H
(4)
9 (0, 0, 1, 2) H
(1)
9
(1, 0, 1, 0) ζ23H
(7)
9 (1, 0, 1, 1) ζ
2
3H
(4)
9 (1, 0, 1, 2) ζ
2
3H
(1)
9
(2, 0, 1, 0) ζ3H
(7)
9 (2, 0, 1, 1) ζ3H
(4)
9 (2, 0, 1, 2) ζ3H
(1)
9
(0, 1, 1, 0) H
(7)
9 (0, 1, 1, 1) ζ3H
(4)
9 (0, 1, 1, 2) ζ
2
3H
(1)
9
(1, 1, 1, 0) ζ23H
(7)
9 (1, 1, 1, 1) H
(4)
9 (1, 1, 1, 2) ζ3H
(1)
9
(2, 1, 1, 0) ζ3H
(7)
9 (2, 1, 1, 1) ζ
2
3H
(4)
9 (2, 1, 1, 2) H
(1)
9
(0, 2, 1, 0) H
(7)
9 (0, 2, 1, 1) ζ
2
3H
(4)
9 (0, 2, 1, 2) ζ3H
(1)
9
(1, 2, 1, 0) ζ23H
(7)
9 (1, 2, 1, 1) ζ3H
(4)
9 (1, 2, 1, 2) H
(1)
9
(2, 2, 1, 0) ζ3H
(7)
9 (2, 2, 1, 1) H
(4)
9 (2, 2, 1, 2) ζ
2
3H
(1)
9
(0, 0, 2, 0) H
(4)
9 (0, 0, 2, 1) H
(1)
9 (0, 0, 2, 2) H
(7)
9
(1, 0, 2, 0) ζ3H
(4)
9 (1, 0, 2, 1) ζ3H
(1)
9 (1, 0, 2, 2) ζ3H
(7)
9
(2, 0, 2, 0) ζ23H
(4)
9 (2, 0, 2, 1) ζ
2
3H
(1)
9 (2, 0, 2, 2) ζ
2
3H
(7)
9
(0, 1, 2, 0) H
(4)
9 (0, 1, 2, 1) ζ3H
(1)
9 (0, 1, 2, 2) ζ
2
3H
(7)
9
(1, 1, 2, 0) ζ3H
(4)
9 (1, 1, 2, 1) ζ
2
3H
(1)
9 (1, 1, 2, 2) H
(7)
9
(2, 1, 2, 0) ζ23H
(4)
9 (2, 1, 2, 1) H
(1)
9 (2, 1, 2, 2) ζ3H
(7)
9
(0, 2, 2, 0) H
(4)
9 (0, 2, 2, 1) ζ
2
3H
(1)
9 (0, 2, 2, 2) ζ3H
(7)
9
(1, 2, 2, 0) ζ3H
(4)
9 (1, 2, 2, 1) H
(1)
9 (1, 2, 2, 2) ζ
2
3H
(7)
9
(2, 2, 2, 0) ζ23H
(4)
9 (2, 2, 2, 1) ζ3H
(1)
9 (2, 2, 2, 2) H
(7)
9
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